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Abstract
We propose various parallel synchronous and asynchronous iterative algorithms for the solution of Markov sys-
tems. We comment on the convergence of these algorithms. We present and analyze a computational experience
using a distributed memory multiprocessor.

1. Introduction

Several authors have proposed parallel iterative algorithms for the solution of Markov systems (see [2], [4], [10],
and [11]). In particular asynchronous iterative algorithms have been presented in [2], [4], and [11]. In this study
we concentrate on the solution of Markov systems via parallel versions of relaxation and Richardson’s methods. We
comment on the monotone convergence of asynchronous and synchronous algorithms. This property is unreported
in the case of Markov systems and follows from general convergence results presented by the author in [6] and [8].
Finally, computational results on a message passing architecture are turned out and analyzed.

The second Section deals with the solution of Markov systems via parallel iterative algorithms. Experimental
results are presented in Section three.

2. Problem and Parallel Algorithms
We consider Markov systems:

Qp =0, (2.1)

where p is a stationary probability vector of dimension n (3., p; = 1), @ the so-called transition matrix is an
n x n irreducible aperiodic Z-matrix (i.e. ¢; > 0,Vi;¢;; < 0,Vi,j, with j # i) such that 7, gx; = 0,Vi. Then,
there exists a unique vector p* solution of (2.1) and such that Y. | pf = 1, furthermore p* > 0 (see [4]). Markov
systems occur in many practical situations, we can quote for example circuit-switched networks modelling (see [2]
and [10]).

Contrarily to the approaches presented in [2], [10], and [11] where all the components of the iterate vector
solution of (2.1) are computed via an iterative method, we fix here a component of vector p say p, to 1 and delete
the last equation in (2.1), in the sequel we will draw an inference from this choice with respect to the convergence
properties of the proposed iterative methods. We have the new system:

n—1
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From the solution p > 0 of system (2.2) we can obtain the probability vector p* solution of system (2.1):

pi= b=l
(2 E;’L:l ﬁl7 ) )
We introduce now the probability vector p(0) with components:
p1(0) =, ...,= pn—1(0) = 0; p,(0) = 1.
Since ¢, < 0,7 =1,...,n — 1, p(0) satisfies:
n—1
Zqij.pj(0)+qm <0,i=1,..,n—1. (2.3)
j=1

For simplicity of presentation p will denote in the sequel the vector of R®~' with components p;,i = 1,...,n — 1,
since py, is a constant. We define the set P = {p € R*~!/p(0) < p < p}.

We consider the solution of system (2.2) via iterative methods and more particularly via relaxation and Richard-
son’s method. Associated fixed point mappings can be defined: the relaxation mapping F : P C R*~! — R" ! with
components F;(p) = p; such that

n—1
> v+ GiBi+ qin=0,i=1,..,n—1;
j=1,#i
Richardson’s mapping F' : P C R ' — R™ ! with components

n—1

F/(p)=pi — a.(z ¢ij-pj + qin),t=1,..,n—1,
j=1



where « is a positive constant. Clearly, relaxation and Richardson’s method are well suited to parallel computation:
components of the iterate vector can be updated independently by different, processors. We can consider synchronous
algorithms whereby computations are carried out according to a particular order with synchronization points. We
can also consider more general procedures whereby computations are carried out without any order neither synchro-
nization, namely asynchronous algorithms. Briefly, an asynchronous iterative algorithm associated with the fixed
point problem p = F(p) is a sequence {p(k)} of vectors of R"~! which satisfies the following general definition (see
[3]- [4, Section 6.1]). We assume that there is a set of times 7" = {0,1,2,...} at which one or more components
of vector p are updated by some processor. Let T be the subset of times at which component p; is updated. For
i=1,...,n—1, the sequences p;(k) are defined recursively by:

pi(k +1) = Epr(r{(k)), o, Pa1 (15 (K))) k € T (2.4)

pilk+1) =pi(k),k ¢ T",

where fort=1,...n—1:
(a) the set T is infinite,

(b) 0 < 7i(k) <k, j=1,.. —1VkeTi
(c) T ( ) is monotone 1ncrea51ng, j=1..,n—-1,
(d) 1f {k:+} is a sequence of elements of TZ that tends to infinity, then lim; o 7 {(kt) = +oo for every j.

For further details about asynchronous iterative algorithms the reader is referred to [1], [4], [5], and [12]. Conver-
gence of asynchronous iterative algorithms has been established for many problems (see [1], [3]-]6], [8], and [11]-[12]).
Particular attention must be paid to the Asynchronous Convergence Theorem of Bertsekas (see [3] and [4, p. 431]).
This theorem is an original and general result, it is also a powerful aid in showing convergence of asynchronous
iterative algorithms.

More particularly, if the mapping F' is continuous and isotone (i.e. monotone increasing) then, we can show
using (c) that {p(k)} converges monotonically to a solution of the fixed point problem from a subsolution or a
supersolution (see [6], [8], and [12]). We note that assumption (c) is not always introduced to show the convergence
of asynchronous iterations (see for example [3] and [4]).

Proposition 2.1: Asynchronous and synchronous relaxation and Richardson’s methods converge monotonically to
p from p(0).
Proof: (I) From the definitions of F, p(0), and p, it follows that the relaxation mapping F' is well defined, continuous,
and isotone on P since @ is a Z-matrix (see [6, Lemmas 2.1 and 2.2] see also [8, Proposition 2.1]). From (2.3) we
can show that p(0) < F(p(0)) (see [6, Lemma 2.2]), so p(0) is a subsolution. Hence, using assumption (c¢) we can
show the monotone convergence of asynchronous and synchronous relaxation algorithms starting from p(0) (see [6,
Theorem 3.1]).

(IT) We note that the linear operator associated with matrix @ satifies clearly the Lipschitz Continuity Assumption
2.3 of [8] on P, i.e. there exists a constant 3 such that

1Q(p = P)ly < B-llp = p'lly . Vp,p" € P.

One can take merely 3 greater or equal to the matrix norm ||Q||, . Hence, by setting a = % and using the definition
of mapping F’ and the fact that @) is a Z-matrix, we conclude that F’ is continuous and isotone on P (see [8,
Proposition 2.3]). Moreover it follows from (2.3) and the definition of F’ that p(0) < F'(p(0)). Then using assumption
(c) we can show the monotone convergence of asynchronous and synchronous Richardson’s algorithms starting from

p(0) (see [8, Proposition 2.4]). In practice one can take a greater than 0 QIH since we consider only the interval

P={pe R"!/p(0) <p < p} instead of R" 1.

3. Computational Experience

Computational experiments are carried out using the transputer based distributed memory multiprocessor Tnode
16-32. Richardson’s and relaxation methods are implemented using one processor, parallel relaxation and Richard-
son’s algorithms are implemented using 2,3,4,5,6,7, and 8 processors. We consider a bloc tridiagonal matrix @) issued
from circuit-switched networks modelling and the splitting of the probability vector p into subsets of components.
Each subset is relative to a diagonal bloc of matrix @ (e.g. constant number of communications in the network,
in the case of circuit-switched networks modelling) and associated with a processor for easiness of communication.
The diagonal blocs have different sizes. However we always try to balance as best as we can the number of com-
ponents updated by the different processors. Scheduling of computational tasks is made according to static mode.
We use a pipeline network of processors with bidirectional links. This topology seems naturally well suited for the



solution of bloc tridiagonal systems by means of the splitting presented in this paper. A detailed description of the
implementation of asynchronous iterative algorithms using the T-node can be found in [7]

We consider a problem with probability vector size close to 100. We take a stepsize o = 0.08 for Richardson’s
method. The starting point is always: p;(0) =0,i=1,....,n — 1.

We use a termination method designed for pipeline processor topology and issued from the algorithm proposed in
[4, subsection 8.1], a formal proof of validity of the termination method is given in [9]. In particular for all processors

P,, the local termination condition is: ‘E?:_f qij-p; + qm‘ < 0.001,Vi € I(P,), where I(P,) is the set of indices of

the components of the vector p updated by F,, and p; are the values of the components of p available in the buffers
of P,.

Tables 1 to 4 give the number of iterations or minimum and maximum numbers of iterations, solution time in
milliseconds, speedup and efficiency of the different iterative methods. Tables 1 and 2 point out that asynchronous
Richardson’s methods are generally faster than synchronous Richardson’s methods. In the case of 7 processors the
loads are particularly well balanced, this fact can explain the good performances of synchronous Richardson. We
note that asynchronous implementation speeds up efficiently Richardson’s method.

The relaxation method is faster than Richardson’s method. However synchronous and asynchronous implemen-
tations do not speed up efficiently the relaxation method. This is in part due to the fact that the relaxation method
which is a Gauss-Seidel iterative scheme when it is implemented using one processor becomes a Jacobi iterative
scheme when it is implemented using several processors.

Asynchronous relaxation algorithms are generally faster than their synchronous counterparts. The speedup of
asynchronous algorithms increases generally with the number of processors, the same kind of remark does not hold
in the case of synchronous algorithms since loads which are not well balanced cause idle time that may be large. We
note that the solution times of asynchronous relaxation and Richardson’s methods and synchronous relaxation tend
to be close when the number of processors increases. Finally we point out that performances of the parallel iterative
algorithms studied in this paper should be better for problems with larger size.
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